
ALCRA { ALC with Role AxiomsThis Talk is About . . .

� The new des
ription logi
 ALCRA� How to de
ide (?)the 
on
ept satis�ability problem of ALCRA{ Currently it seems as if ALCRA is unde
idable !{ Work in progress� Open questions, missing proofs� Joint-work with Volker Haarslev & Ralf M�oller� Thanks to Anni-Yasmin Turhan, Carsten Lutz,& the anonymous reviewers Mi
hael Wessel, August 2000
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ALCRA { ALC with Role Axioms Slide 2Syntax of ALCRA� Con
epts like in ALC{ :C, C1 u C2, C1 t C2, 9R:C, 8R:C� Satis�ability w.r.t. a set of role axioms = role box R{ S Æ T v R1 t � � � tRn{ These are not role value maps!� No 
omposition allowed on the right hand side(\spe
ial global" RVMs)� R must be admissible{ For ea
h R,S at most one role axiom withR Æ S v : : : 2 R Mi
hael Wessel, August 2000
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Semanti
s of ALCRA, Satis�ability

� CI , RI as usual (see ALC)� I j= C i� CI 6= ;� All roles must be interpreted as disjoint{ R; S 2 NR, R 6= S: RI \ SI = ;� I j= S Æ T v R1 t � � � tRn i�SI Æ T I � RI1 [ : : : [RIn� I j= R i� 8ra 2 R : I j= ra� I j= (C;RC) i� I j= C, I j= R Mi
hael Wessel, August 2000



ALCRA { ALC with Role Axioms Slide 4Simple Example((9R:9S:C) u 8T::C; fR Æ S v Tg)(8[x; y; z℄(R(x; y) ^ S(y; z)) T (x; z))) (Role Box) ^(8[x; y℄(R(x; y)� S(x; y)� T (x; y))) (Disjointness) ^(9[x℄( (9[y℄(R(x; y) ^ 9[x℄(S(y; x) ^ C(x)))) ^(8[y℄(T (x; y)) :C(y))))) (ALC Con
ept, 2 monadi
 GF2)PSfrag repla
ements
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ALCRA { ALC with Role Axioms Slide 5Complex Example(9brother:9sister:9sister:9daughter:9sister:
ss) u8nie
e::
ss (
omputer s
ien
e student)fbrother Æ sister v sister; sister Ædaughter v nie
e;daughterÆsister v daughter; sisterÆsister v sisterg� nie
e v sister Æ daughter t brother Æ daughter �PSfrag repla
ements
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ALCRA { ALC with Role Axioms Slide 6Role Box Clashes9R:((9S:9T:>) u 8Y:?) u 8A:?fR Æ S v A t B ; S Æ T v X t Y ;A Æ T v U; B Æ T v V ; R ÆX v U ; R Æ Y v V g
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ALCRA { ALC with Role Axioms Slide 7No Finite Model Property� Disjoint roles matter (unlike ALC)� (9R:9R:>) u (8S:9R:>) w.r.t.fR ÆR v S; R Æ S v S; S ÆR v S; S Æ S v SgPSfrag repla
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ALCRA { ALC with Role Axioms Slide 8Relationships to Other DLs� At least as expressive as ALCR+ (Sattler){ Transitively 
losed roles, R ÆR v R ) RI = (RI)+� At least as expressive as ALC� (Sattler){ \Transitive orbit" operator �: (RI)+ � (�(R))I{ �(R)! R�, fR ÆR v R�; R� ÆR v R�g )(�(R))I = RI [RI�9 � (R):C ! 9R�:C9R:C ! 9R�:C u 9R:C8 � (R):C ! 8R�:C u 8R:C) EXPTIME-hardness of ALCRA Mi
hael Wessel, August 2000
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Relationships to Other DLs (2)

� ALC+ (Baader){ Transitive 
losure operator +: (RI)+ = (+(R))I{ ALCRA 2 FOPL3, FOPL3 � FOPL,but ALC+ =2 FOPL) Transitive 
losure 
annot be expressed in ALCRA� ALCHR+ (Horro
ks){ Allow non-disjoint roles{ Allow role in
lusion axioms R v S 2 R) ALCHR+ � ALCHRA	 Mi
hael Wessel, August 2000
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epting" anbn
n� SAT(9word::(C1 u C2) u 8s1:((8
::C1) u (8

::C1)) u8a:8s2::C2 u 8aa:8s2::C2) i� word =2 Lanbn
n� fa Æ x v s1; a Æ b v s1; s1 Æ b v x; b Æ y v s2; b Æ 
 v s2;s2 Æ 
 v y; a Æ a v aa; aa Æ a v aa; 
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Is ALCRA (With Universal Role AndNon-Disjoint Roles) Unde
idable?

� Transform PCP with A = f0; 1g into two 
ontext-freegrammars G1; G2 with start-symbols S1; S2 su
h thatthe PCP has a solution i� L(G1) \ L(G2) 6= ;� Transform G1; G2 into Chomsky Normal Form: G01; G02� Transform G01; G02 into role box RG01;G02� (9word::(C uD) u 8S1:C u 8S2:D;R) isunsatis�able i� word 2 L(G01) \ L(G02)
Mi
hael Wessel, August 2000



ALCRA { ALC with Role Axioms Slide 12Illustration

PSfrag repla
ements �

�

word
S1

S2

Mi
hael Wessel, August 2000



ALCRA { ALC with Role Axioms Slide 13How to Consider All Words� Represent f0; 1g+ =A+ as binary in�nitetree (ea
h path has in-�nite length)� Sub-paths startingfrom the root-node
orrespond to (�nite)words w 2 f0; 1g+� \�" = universal role
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Example Redu
tion

� PCP = ((1; 101); (10; 00); (011; 11))� Solution = 1323 = 101110011 = x1x3x2x3 = y1y3y2y3� a3a2a3a1101110011 2 L(G1) \ L(G2)� G1 = f S1 ! a11 j a210 j a3011 ja1S11 j a2S110 j a3S1011 g� G2 = f S2 ! a1101 j a200 j a311 ja1S2101 j a2S200 j a3S211 g
Mi
hael Wessel, August 2000
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Example Redu
tion (2)� G01 =f S1 ! a11 j a210 j a3011 j a1S1;1 j a2S1;10 j a3S1;011;S1;1 ! S11; S1;10 ! S110 ; S1;011 ! S1011 ;10 ! 10; 11 ! 11; 011 ! 011 g� G02 =f S2 ! a1101 j a200 j a311 j a1S2;101 j a2S2;00 j a3S2;11;S2;101 ! S1101 ; S2;00 ! S100 ; S2;11 ! S111 ;00 ! 00; 11 ! 11; 01 ! 01; 101 ! 101 g� \Reverse" all produ
tions ) RG01;G02� All terminal and non-terminal symbols are rolesMi
hael Wessel, August 2000
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Example Redu
tion (3)Claim:
9f0; 1; a1; a2; a3g::(C uD) u8 � :(9f0; 1; a1; a2; a3g::(C uD)) u8S1:C u 8S2:D w.r.t.RC(G01;G02)is satis�ablei�the PCP has no solution Mi
hael Wessel, August 2000


