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ALCRA	 and ALCRA Slide 2� ALC extended with generalized transitivity axioms ofthe form S Æ T v R1 t � � � tRn� Semanti
s:I j= S Æ T v R1 t � � � tRn i�SI Æ T I � RI1 [ � � � [RIn(\Æ" = relational 
omposition)� Set of these axioms: role box R� \Qualitative Composition-Table Based Reasoning"� ALCRA: for all R,S, R 6= S enfor
e RI \ SI = ;) \Disjoint Spatial Base Relations"� Cohn '92 (2EC; �EC; . . . ), HLM '98 (ALCRP(S2))Mi
hael Wessel, August 2001
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Composition Table Based Reasoning: RCC8 Slide 4
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ir
le _v figurefigure tou
hing a figure := figure u 9EC :figurespe
ial figure := figure u8PO::figure u8NTPPI ::figure u8TPPI ::
ir
le u9TPPI :(figure u 9EC :
ir
le)spe
ial figure v figure tou
hing a figure i�figure u 8PO::figure u 8NTPPI ::figure u 8TPPI ::
ir
le u9TPPI :(figure u 9EC :
ir
le) u :(figure u 9EC :figure)is unsatis�able w.r.t.R = f: : : ;TPPI Æ EC v EC t PO t TPPI tNTPPI ; : : :gMi
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How to Enfor
e Non-Empty Role Interse
tions Slide 7(9R:9S:>; fR Æ S v T;R Æ S v Ug)� Satis�able in ALCRA	� Unsatis�able in ALCRA due to T I \ UI 6= ;) Allow only \fun
tional" role boxes

( 9R:9S:9T:>,fR Æ S v RS; S Æ T v ST;R Æ ST v U;RS Æ T v V g)� Satis�able in ALCRA	� Unsatis�able in ALCRA due to UI \ V I 6= ;� (R Æ S) Æ T = U 6= V = R Æ (S Æ T )) Allow only \asso
iative" role boxes Mi
hael Wessel, August 2001



Asso
iativity & Disjun
tions Slide 8In this example, (R Æ S) Æ T = fU; V g = R Æ (S Æ T )9R:((9S:9T:>) u 8Y:?) u 8A:?fR Æ S v A t B ; S Æ T v X t Y ;A Æ T v U; B Æ T v V ; R ÆX v U ; R Æ Y v V g
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Asso
iativity & Disjun
tions (2) Slide 9

� In the previous example we hadUI \ V I 6= ; due to
on(R;X) = U and 
on(B; T ) = V) 
on(R;X) \ 
on(B; T ) = ;� Let w 2 NR? (in the Example: w = RST ), letCOMPi be a 
omplete set of role tuples that 
an bebuild \on" w (in the Example:COMP1 = f(A; T ); (R;X)g,COMP2 = f(B; T ); (R;X)g, . . . ):{ If for some COMP, T(R;S)2COMP(
on(R; S)) = ; ,) Non-empty role interse
tions 
an be enfor
edMi
hael Wessel, August 2001



Results Slide 10� ALCRA	 is unde
idable{ Proof sket
h at DL 2000{ \Context-Free In
lusion Modal Logi
s" (Baldoni '98){ \Grammar Logi
s"� Spe
ial \admissible 
lasses" of role boxes are de
idable,e.g. ALC, ALCR+, ALCR�{ Logi
s with some kind of \Tree Model Property"{ Disjoint roles don't matter w.r.t. satis�ability{ Role Disjointness is not modally de�nable(e.g. in ALC)� ALCRASG is also de
idable (see below) Mi
hael Wessel, August 2001



Unde
idability of ALCRA	 Slide 11� Redu
tion from the interse
tion problem of 
ontext-freegrammars� Ea
h \reversed produ
tion" in a NF similar to CNFgives rise to one role axiom: A! BC  B Æ C v A� (E;R0) is satis�able i� L(G1) \ L(G2) = ;

E =def X u :(C uD) u Y u 8S1:C u 8S2:DX =def ua2�9a:>Y =def uR2roles(R0)8R:(X u :(C uD))R0 =def R [ fR Æ S v R� j R; S 2 (fR�g [ roles(R));:9ra 2 R : pre(ra) = (R; S)gMi
hael Wessel, August 2001
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erning ALCRCC8 Slide 12� Are ALCRCC8 and ALCRCC5 de
idable?� Do disjoint roles matter w.r.t. satis�ability?) ALCRCC8 = ALCRCC8	?{ at least no 
ounter-example is known!{ Claim: disjoint roles make no di�eren
e; non-emptyrole interse
tions 
annot be enfor
ed by 
on
eptterms (unlike example on Slide 8)� What about inverse roles (ALCIRCC8 )?� Stru
ture in the 
omposition tables{ Asso
iativity, Symmetry, Helly-Property, . . .{ Cal
ulus of binary relations is unde
idable (FOPL3)Mi
hael Wessel, August 2001



\Solutions" to Over
ome the Unde
idability Slide 13

� j�Ij < magi
al number� Remove \all" quanti�
ation{ Design a logi
 in the style of T L �ALCF ,use variables et
.� Make syntax-restri
tions like in ALCRP(D){ Disallow quanti�er patterns\8 : : : 9" and \9 : : : 8"{ even ALCIRA	 and ALCIRA would probably work) Modeling interesting 
on
epts be
omes harder
Mi
hael Wessel, August 2001



ALCRASG is De
idable Slide 14� Like ALCRA	, but allow only admissible role boxes{ No disjun
tions in the role axioms in R{ for all roles R; S 2 roles(R) there is exa
tly one roleaxiom with RÆS v : : : 2 R (\fun
tional role boxes"){ Asso
iativity: 8R; S; T 2 roles(R) :
on(
on(R; S); T ) = 
on(R; 
on(S; T ))) Ea
h 
omposition possibility yields the same role� Examples{ fR ÆR v Rg (ALCR+ � ALCRASG){ Expanded RCC8/RCC5 
omposition table{ Semi-Groups like (IN mod n;+ mod n)Mi
hael Wessel, August 2001



Redu
tion from ALCRASG to ALC & GCIs Slide 15� Similar like for ALCR+;for a transitively 
losed role R add{ the GCI 8R:C ) 8R:8R:C{ resp. \K4" 2RC ) 2R2RC{ for all \relevant" 
on
epts C� ALCRASG: For ea
h relevant \8R:C" add\Initialize:" 8R:C v 8R:C (
on
ept name)\Apply": 8R:CR v C\Propagate": 8R:C S v 8T:8R:C 
on(S;T )� Tableaux-
al
ulus for ALCRASG: propagation of 8R:C S
on
epts, similar like in ALCR+ 
al
ulus Mi
hael Wessel, August 2001



Unsurprisingly: ALCFRASG is Unde
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� Redu
tion from the Domino Problem� DOM =def (D;H;V){ D = fd1; : : : ; dng Domino Types{ V � D �D verti
al mat
hing relation{ H � D �D horizontal mat
hing relation� A solution of DOM is a total fun
tion f : IN� IN! D( 0 2 IN) su
h that for all (i; j) 2 IN� IN:{ (f(i; j); f(i+ 1; j)) 2 H{ (f(i; j); f(i; j + 1)) 2 V
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ALCFRASG is Unde
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Æ RX RY RZ RURX RU RZ RU RURY RZ RU RU RURZ RU RU RU RURU RU RU RU RUC =def X u (8RX :X) u (8RY :X) u (8RZ :X) u (8RU :X)X =def M u (� RX 1) u (� RY 1) u(� RX 1) u (� RY 1) u (� RZ 1)M =def tDi2D(Di u (uDj2D;Di 6=Dj:Dj)) uuDi2D(Di ) ( 8RX :(t(Di;Dj)2HDj) u8RY :(t(Di;Dj)2VDj)))Mi
hael Wessel, August 2001



ALCRA is Unde
idable Slide 18

� Unde
idability proof of ALCRA	 does not work:{ \C uD" for some node x i� <root; x> 2 SI1 \ SI2{ E =def X u :(C uD) u Y u 8S1:C u 8S2:D� Constru
t G01 and G02 from G1 and G2 su
h thata1a2 : : : an 2 L(G1) i� #a1#a2 : : :#an 2 L(G01)a1a2 : : : an 2 L(G2) i� a1#a2# : : : an# 2 L(G02)L(G1) \ L(G2) 6= ; i�a1a2 : : : an 2 L(G1) \ L(G2) i�#a1#a2# : : :#an# 2 L(G01) \ L(G02) i�(f#gL(G01)) \ (L(G02)f#g) 6= ;
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ALCRA is Unde
idable (2) Slide 19

(E;R)is satis�ablei�(f#gL(G01)) \ (L(G02)f#g) = ;

where

E =def X u :(C uD) u Y u (8#:8S1:C) u (8S2:8#:D)X =def ua2�9a:>Y =def uR2roles(R)8R:(X u :(C uD))
Mi
hael Wessel, August 2001



Future Work: Finite Model Reasoning Slide 20

� In�nite \spatial models" are useless for appli
ations:
ir
le u (9PP:
ir
le) u (8PP:9PP:
ir
le)(\PP" = Proper Part){ \in�nite des
ending 
hain of 
ir
les" ) unwanted!{ 
y
li
al models that 
ontain \PP" loops) unwanted!{ wanted: �nite models that satisfy Id(�I)I � EQI) under this interpretation,
ir
le u (9PP:
ir
le) u (8PP:9PP:
ir
le)is unsatis�able� Can the 
on
ept terms that are only satis�able inin�nite models be re
ognized? Mi
hael Wessel, August 2001


