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Abstract

We extend the theory about terminological de-
fault reasoning using a logical base language
that can be used to represent spatioterminolog-
ical phenomena. Based on the description logic
ALCRP(Sz2) the paper discusses how to imple-
ment an algorithm for computing extensions of
a world description consisting of ALCRP(Sz)
assertions and a set of closed ALCRP(Sz)
Reiter-style default rules.

1 Introduction

This paper investigates a Reiter-based approach to
terminological default reasoning about spatial infor-
mation. Originally, a default rule has the form «
01,02, ..., 0n/v where o, 8; and v are FOPL formulae.
« is called the precondition of the rule, the [; terms are
called justifications, and -y is the consequent. Intuitively
the idea behind default reasoning is the following: start-
ing with a world description A of what is known to be
true, default rules can be applied such that they aug-
ment A by default rule conclusions v to yield a set of
beliefs. A default can be applied, i.e. its conclusion 7y can
be added to the set of current beliefs iff « is entailed by
this set, each formula [; is consistent with the current set
of beliefs and + is not already entailed. In our case the
idea is that a, §; and «y are special ALCRP(S2) ABoxes
which contain only concept assertions (that fulfill the
ALCRP(D) restrictedness criteria) as well as complex
role assertions [3].

Defaults may interact and depending on the set of de-
fault rules being applied, different “possible worlds” can
be computed. These possible worlds are referred to as ez-
tensions (see below for a formal definition). Depending
on the reasoning mode the consequence problem for ter-
minological default theories is to decide whether a given
assertional axiom is member of all extensions (skeptical
mode) or of at least one extension (credulous mode).

Using description logic concept terms in default rules
instead of first-order or propositional logic formulae has

been extensively considered in [1]. A terminological de-
fault theory is a pair (A, D) where A is an ABox, and D is
a finite set of terminological default rules whose precon-
ditions, justifications and consequents are concept terms.
Because concept terms correspond to unary predicates
ranging over a free variable, these defaults are called open
defaults. In contrast, closed defaults do not contain any
free variables. Unlike Reiter’s original proposal, the ap-
proach of [1] applies defaults only to those individuals
that are explicitly mentioned in the world description
(ABox). Default rules are never applied to implicit indi-
viduals introduced by J-restrictions. With this kind of se-
mantics the consequence problem for (A, D) is decidable
(see [1] for details). Closed default rules can be obtained
by instantiating the free variable in the concept expres-
sions with all explicitly mentioned ABox individuals (see
[1] for a formal definition). Thus, for closed defaults, a,
B; and ~y are concept assertions (ABox concept axioms).
Once we have a closed default theory, a set of conse-
quences of such a theory is referred to as an extension
which is a set of deductively closed formulae defined by
a fixed point construction. In the case of terminological
default reasoning about spatial information it is also in-
teresting to conclude spatial relations by default. There-
fore, we extended the approach presented in [1] to deal
with role assertions in default rules. Before discussing
the computation of extensions of closed default theories
in the case where «, §; and v are ALCRP(S2) ABoxes
consisting exclusively of ALCRP(Sz2) concept assertions
and complex role assertions, we first consider an example
of using defaults in the context of terminological reason-
ing about spatial information.

2 ALCRP(S;) Preliminaries

ALCRP(S2) is the description logic resulting from the
instantiation of the description logic ALCRP(D) with
the concrete domain D = Sz (see [3,4]). ALCRP(D)
extends ALC(D) by a role-forming predicate-based op-



erator, whose semantics is given by

(El(’llq, e ,Un)(’l)l, R ,vm),P)I =

{(a,b) € Az x Az | Fx1,.. ., Ty Y1, Ym € Ap :
(a,z1) €uf,... (a,z,) € ul,
(b,y1) € vE, ... (b,zm) € VL,
(T1,. oy Ty Y1y Ym) € PP}

where P is a concrete-domain predicate name, u; and
v; are feature chains, Ap is the universe of the con-
crete domain, Az is the universe of the abstract domain.
Informally, (a,b) : I(u1,...,u,)(v1,...,vm).P holds iff
there exists the appropriate concrete domain objects
T1y---3Tn,Y1,---,Ym reachable via the feature chains
Uy ..., Uy from a (resp. vy, ..., vy, from b) such that the
predicate P(x1,...,Zn,Y1,-..,Ym) holds.

In the case of D = S we have n,m = 1, and, as an
ontological decision, we call u; = v1 = has_area (a single
feature is considered as a feature chain of length one).

Definition 1. The concrete domain Ss is defined w.r.t.
the topological space (R?, 2R2). The domain As, contains
all non-empty, regular closed subsets of R? which are
called regions for short. The set of predicate names is
defined as follows:

— A wunary concrete_domain_top predicate is-region
with is-region®2 = As, and its negation is-no-region
with is-no-region®2 = ().

— The 8 basic predicates dc, ec, po, tpp, ntpp, tppi,
ntppi and eq correspond to the RCC-8 relations. Due
to space restrictions we would like to refer to [4] for
a formal definition of the semantics.

— In order to name disjunctions of base relations, we
need additional predicates. Unique names for these
“disjunction predicates” are enforced by imposing
the following canonical order on the basic predi-
cate mames: dc, ec, po, tpp, ntpp, tppi, ntppi, eq.
For each sequence p1,...,p, of basic predicates in
canonical order (n > 2), an additional predicate
of arity 2 is defined. The predicate has the name
p1----- pn and we have (r1,r2) € p1----- pnS? iff
(r1,72) € p1°2 or ... or (r1,72) € paS2. The pred-
icate dc-ec-po-tpp-ntpp-tppi-ntppi-eq is also called
spatially-related.

— A binary predicate inconsistent-relation  with
inconsistent-relation®> = () is the negation of
spatially-related.

Proposition 1. S, is admissible (see [4]).

3 Spatioterminological Default
Reasoning: An Example

Using ALCRP(Sz2)’s role-forming predicate-based oper-
ator, we define a set of complex roles according to the

mentioned RCC-8 S, predicates:

inside = A(has_area)(has_area).tpp-ntpp
contains = I(has_area)(has_area).tppi-ntppi
overlaps = I(has_area)(has-area).po
touches = I(has-area)(has-area).ec
disjoint = J(has_area)(has-area).dc
The following definitions of concepts required to model
domain objects representing different kinds of regions in
a TBox satisfy the ALCRP(D) restrictedness criteria.

area = Jhas_area.is-region
natural _region = —~administrative_region
country_region T administrative_region M
large_scale M area
city_region T administrative_region M
=large_scale M area
lake_region T natural_region N area
river_region C natural_region M area
country = country_region Il
Ycontains.—country_region I
Yoverlaps.—country_region
Vinside.~country_region
city = city_region N
dinside.country_region
lake C lake_region
river = river_region 1
Yoverlaps.—lake_region I
Ycontains. 1 T
Vinside.~lake_region
river_flowing-
into_a_lake = river M touches.lake_region

In [4] more examples on the use of ALCRP(D) are given,
which also demonstrate the influence of spatial reason-
ing on TBox reasoning (subsumption of concepts). In
addition to our previous work, we consider the following
spatioterminological default rules dy,ds and ds:

area : city area : lake area : country

city lake country

Below we will show how to use ABoxes instead of con-
cept terms inside the «, §; and v of the default rules.
Suppose we have an ABox

{a : country,b : area, (a,b) : contains, (b, a) : inside}.

Closing defaults, i.e. instantiating the defaults di, ds, d3
over the ABox individuals a and b yields 6 different
closed defaults. Now, let us assume «, § and v have
been replaced by the corresponding assertional axioms.
We use the notation d;(ind) to refer to a default that is
instantiated with the individual ind. Given our 6 closed
default rules let us examine the status of each:



City?
c
Country

Can b be a city? No!

Fig. 1. Subtle inferences due to topological constraints.

— Default dy(a) cannot be applied because adding
a : city to the ABox yields a contradiction with
a : country. The concepts country_region and
city_region are disjoint (due to large_scale and
—large_scale).

— Default d;(b) can be applied. We get an augmented
ABox or extension one:

{a : country,b : area,b : city,
(a,b) : contains, (b,a) : inside}

— Default da(a) cannot be applied because adding
a : lake to the ABox yields a contradiction with
a : country. A country is an administrative_region
and a lake is defined as a natural_region, and both
are disjoint concepts.

— Default da(b) can be applied. Thus, we can get an
augmented ABox or extension two:

{a : country,b : area,b : lake,
(a,b) : contains, (b,a) : inside}

However, if we have an ABox already augmented by
the conclusion of default dy(b), b : city, we cannot
apply da(b). So, only one of di(b) or d2(b) can be
applied, resulting in two different extensions.

— Default ds(a) cannot be applied, because its conclu-
sion is already entailed by the ABox.

— Default ds(b) cannot be applied even if no other
default has been applied before. Adding the de-
fault’s consequent b country would yield an
inconsistent ABox because a is already known
to be a country and so, among others, a
Yeontains.—~country_region holds. Because (a,b) :
contains holds and b : country would imply b :
country_region, the default cannot be applied.

Another subtle inference can be demonstrated by show-
ing that the default d;(b) cannot be applied to con-
clude that object b in Figure 1 is a city. Trying to
do so would result in a constraint b : city_region M
dinside.country_region. Therefore, polygon a cannot be
the appropriate country_region because (b, a) : overlaps
holds. Due to the exists restriction there exists an im-
plicit individual ¢ which is a country_region such that
(b, ¢) : inside holds. As can be seen in Figure 1, there is

no way to find a spatial arrangement such that b is in-
side ¢ and ¢ does not overlap with a or does not contain
a. Because a is a country and, therefore, may not over-
lap or may not be contained in another country_region,
there is no way to conclude that b could possibly be a
city.

In addition, let us assume we would like to be able
to conclude that the spatial relationship between a river
and a lake is either ec (touches) or dc (disconnected).
These conclusions cannot be expressed with the termi-
nological default rules introduced in [1] because there
«, B; and vy are limited to concept expressions. We there-
fore extended the terminological default rules introduced
in [1] by substituting the concept expressions «, §; and ~y
by so-called ABox patterns. These ABox patterns are ba-
sically ABoxes with placeholders for individuals (written
with capital letters). Closing the default rules instanti-
ates the patterns with all possible combinations of indi-
viduals yielding closed defaults whose «, §; and ~ are
ALCRP(S2) ABoxes with role assertions only on com-
plex roles:

_AX tlake,Y :river} : {(X,Y) : disjoint}

de {(X,Y) : disjoint}

~ A{X :lake,Y :river} : {(X,Y) :touches}
- {(X,Y) : touches}

ds

Closing the patterns, i.e. instantiating X,Y over the
ABox A = {l : lake,r : river}, would yield eight
different closed defaults whose whose «, [(; and v are
ALCRP(S2) ABoxes. As well as allowing variables such
as X and Y, one might also be able to refer to specific
ABox individuals in the ABox patterns (for instance, the
individual “Bodensee”).

In the next section we will show that the consequence
problem is decidable for terminological default theories
with default rules containing ALCRP(S2) ABoxes con-
sisting only of concept assertions and complex role asser-
tions. Since we can always obtain ordinary ABoxes from
our ABox patterns by closing them, the consequence
problem is decidable for defaults with ABox patterns
as well.

4 Computing Extensions

Intuitively, given a closed terminological default theory
(A, D) a deductively closed set of consequences of such a
theory is referred to as an extension. As usual, the exact
definition is given by a fixpoint construction. We cite a
formal definition taken from [1]. Th(I") stands for the
deductive closure of a set of formulae I". In a description
logic context I" is an ABox.



Definition 2. Let E be a set of closed formulae and
(A, D) be a closed default theory. We define Ey := A
and for all i >0

Ei-‘rl ZEzU{'H azﬁla"'7ﬁn/7€D7
aéTh(Ei),
=81,y 0 € Th(E)}.

Then, Th(E) is an extension of (A, D) iff

Note that, in principle, this definition for an extension
Th(FE) has a non-constructive nature because in the de-
finition the deductive closure Th(E) is already used in
each iteration step. Nevertheless, as we will see below,
the definition induces an algorithm for actually comput-
ing extensions if the implicit entailment subproblems in
the definition are decidable (see also [1]).

In order to be able to infer spatial relations between
domain objects, the basic terminological default reason-
ing approach described in [1] is adapted. The basic idea
is that the precondition, the justifications and the con-
sequent of a default can be ABoxes with complex role
axioms.

Definition 3. A spatioterminological default rule d (or
spatioterminological default for short) has the form d =
a : Pr...0n/y where «, B; and v are consistent
ABoxes whose unfolded versions contain only concept
azioms with restricted ALCRP(Ss) concept terms and
only predicate-based role axioms of the form (z,y)
I(has-area)(has_area). P with P being an Sy predicate
of arity two. A spatioterminological default theory is
a tuple (A,D) where D is a set of spatioterminolog-
ical default rules and A is a consistent and restricted
ALCRP(S2) ABoz.

Lemma 1. A restricted ACCRP(S2) ABox axiom x is
logically entailed by a restricted ALCRP(Sz) ABox A,

z=a:C— =SAT(AU{a:-C})

z=(a,b): 3(u)(v).P —
—SAT(AU{(a,b) : 3(u)(v).P}) A
—SAT(AU{a:Yu.T}) A
~SAT(AU{b: V0. T})

AEz, if

SAT(A) decides the ABox consistency problem for an
ABox A, and u = v = has_area.

Proof. The first case is the instance checking problem,
which is decidable because C is a restricted concept
term. The second case is more problematic, because the
ALCRP(S2) language does not provide a negation op-
erator for predicate-based role axioms. However, we can
check whether (a,b) : 3(has_area)(has_area).P V a :

—3Jhas_area.is-region Vb
holds. The NNF  of
Jhas_area.is-no-region U Yhas.area.T. Since
Jhas_area.is-no-region is inconsistent, the result-
ing term is (a,b) 3(has-area)(has_area).P V a
Vhas_area. T V b : Yhas_area.T. Obviously, this is not
an ALCRP(S2) ABox. However, AU{a; VazV---Va,}
is inconsistent iff Va; : A U {a;} is inconsistent. Note
that the predicate name P exists because the concrete
domain is required to be admissible.

—3Jhas_area.is-region
—3Jhas_area.is-region  is

Theorem 1. The consequence problem for a spatioter-
minological default theory (A, D) is decidable.

Proof. Considering the sound and complete tableaux
calculus for deciding the consistency of restricted
ALCRP(S2) ABoxes, x € Th(I') iff I' = x. Thus, in-
stead of taking Th(FE) we can view the ABox F as a
representative for an extension. The fixpoint construc-
tion in Definition 2 can be used as a tester for deter-
mining whether a given ABox FE really is an extension
of a default theory (A, D). Since each extension E is an
ABox having the form AU {y|a : f1...0./y € D'}
for a set of so-called generating defaults D' C D, we
can simply check for each element E of {AUX | X €
217 laibu-Bn/vEDP}Y whether it is an extension or not. The
following inference problems need to be decided:

1. @« € Th(FE;): This can be easily tested by checking
whether F; = a where o = {aq, a3, ...,a,}. We can
decide this ABozx entailment problem iff we can de-
cide whether each assertional axiom a; follows from
A, ie. Va; € E; : A |E a;. This can be decided ac-
cording to Lemma 1 because the elements of o are
restricted to be concept axioms or predicate-based
role axioms.

2. =83, ¢ Th(FE;): This can be checked by testing
whether F £ —3;. More generally, A [~ —B, where
B = {bl,bg, . ,bn} iff Vb, € B: A l# —b;. I‘IOW(BVQI"7
A B —b; iff AU{b;} is consistent. The ABox consis-
tency problem for restricted ALCRP(S2) ABoxes is
decidable.

3. Th(E) = Usjey Th(E;): The fixpoint can be con-
structed in a finite number of steps because we con-
sider only a finite number of defaults. In principle,
we have to decide the ABox equivalence problem. An
ABox A; is equivalent to an ABox Ay, A; = A iff
A1 E Ag and Ay E A4, ie. the ABox equivalence
problem can be reduced to two ABox entailment
problems. Unfortunately, considering ALCRP(Ss)
ABoxes there might not only be concept axioms and
predicate-based role axioms in A7 or As but also role
axioms of the form z = (a,b) : R or x = (a,b) : f
or x = (x1,...,2y,) : P where R is a role name, f
is a feature and P is an Sy predicate of arity n. In



this case Lemma 1 is not applicable. However, both
Ai(= E) and As(= E,,) are constructed on the ba-
sis of A, that is, we have to decide whether two
ABoxes of the form A = AUTI] and Ay = AU Iy
are equivalent, where I; C {y|a: f1... 0,/ € D}.
Obviously, (AUFl) = (AUFQ) iff Aunl ': Iy
and AU Iy = I7. Since both It and I contain
only concept axioms and predicate-based role ax-
ioms, Lemma 1 is applicable.

In [1] another algorithm is discussed for computing ex-
tensions. This algorithm seems to be more efficient in
the average case. There is a strong conjecture that the
algorithm is also applicable in the ALCRP(Sz2) context.
Furthermore, it can easily be seen that the results for
spatioterminological default theories wrt. ALCRP(Sz)
can be extended to ALCRP(D) as well.

4.1 A Note on Terminological Default
Reasoning with Specificity
Consider the world description

A = {r: river_flowing_into_a_lake,l : lake}.

Since it is already known that r is a
river_flowing_into_a_lake and not only a lake, we
would like to conclude that the lake [ in A should be the
lake. That is, the complex role assertion (I,) : touches
should be added:

{X :lake,Y : river_flowing_into_alake} :
{(X,Y) : touches}
{(X,Y) : touches}

de¢ =

In the case of dg, we would like to render the application
of dy and d5 inwvalid, because they are “less specific” than
dg (even if dy yields the same conclusion, touches).

A default d,, is said to be more specific than d;, d, < dp
iff (a(dy) E aldy)) A (aldy) E a(ds)) where a(D) de-
notes the precondition of the default D. Algorithms for
computing the so-called S-extensions (S for specificity)
have already been developed by Baader and Hollunder
[2]. There is a strong conjecture that these algorithms
can be applied in our ALCRP(S2) context as well. In
contrast, the ordinary extensions are called R-extensions
(R for Reiter). In our example, we would get two differ-
ent R-extensions, but only one S-extension containing
the ABox axiom (r,[) : touches. The other R-extension
containing (r,1) : disjoint could not be derived, since
only the most specific active defaults are applied when
computing S-extensions. This would render the applica-
tion of d4 and ds impossible because dg is also active and
more specific than both d4 and ds.

5 Conclusion

To the best of our knowledge we have proposed a first
theory for spatioterminological default reasoning. Our

spatioterminological default approach extends previous
work done in [3,4]. The new contributions to [1] are:
As a base language, the expressive spatioterminologi-
cal description logic ALCRP(Sz) is used. Allowing not
only concept terms as formulae occurring inside default
rules but also special ACCRP(S2) ABoxes with complex
role assertions is necessary from an application-oriented
point of view but imposes a number of theoretical prob-
lems. We have shown that the possible extensions of a
closed ALCRP(Sz2) spatioterminological default theory
can be effectively computed provided the ABoxes used
in the default rules contain only (restricted) concept and
complex role assertions.

An implementation of ALCRP(D) is described in [5].
With the implementation of the ALCRP(D) default rea-
soning substrate, an implementation of an ALCRP(D)
TBox and ABox management system as well as an RCC-
8 relation network consistency checker is also available
for research purposes. Qualitatively speaking, tests with
the current implementation indicate that for small prob-
lems with few ABox assertions, results can be expected
in a reasonable time but runtimes dramatically increase
when more than only a few individuals are involved. Op-
timizations can be achieved, for instance, if queries for
the extensions are considered [6].
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